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1. INTRODUCTION 
One of the most used elements in structures uch as aircraft, buildings, 
ships, and bridges is the elastic beam. The deformations of the beam are 
described by a fourth-order boundary problem [3]. R. A. Usmani [4] has 
studied the existence of a unique solution of the real two-point linear 
problem 
Ly = - [d(4)/dxa+f(x)] dy=g(x) ,  0<x< 1, 
y(0) =A1, y(1)=A2, y"(0) -- B1, y"(1) = B2. 
In this paper we shall consider a more general problem, namely, 
y(4) =f(x ,  y, y") (1.1) 
wherefe C[ [-0, 1 ] x R x R, R], under the following types of boundary con- 
ditions: 
y(0) =yo, y (1 )=y i ,  y"(0) =)7o, y"(1) =371 ; (1.2) 
y(0) =yo, y(1)=y l ,  y"(0) = )7o, y" (1 )=y l ;  (1.3) 
y(0) = y(1 ) = y"(0) = y"(1 ) = 0; (1.4) 
y(0) =y(1) = 0, y"'(O)-hy"(O)=O, y" (1 )+ky" (1)=O,  (1.5) 
h,k>~Oandh+k>O.  
We shall prove that under adequate conditions imposed on f, Eq. (1.1) 
together with one of the above boundary conditions has a solution, and we 
shall discuss the uniqueness of such solutions for (1.1). To do this, we 
transform Eq. (1.1) into a second-order integro-differential equation. Then 
we apply known results for second-order boundary value problems and 
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Schauder's fixed point theorem to obtain existence and uniqueness results 
for fourth-order boundary value problems of the form (1.1). This method 
leads us to obtain results for more general cases considered and we believe 
this technique can be applied to differential equations of other orders 
besides two and three. 
2. PRELIMINARY RESULTS 
We present some results which help simplify the proofs of our main 
results. 
The homogeneous boundary value problem 
u"=0 
together with 
u(a) = u(b) = O, 
or 
u(a)  = u ' (b)  = 0, 
has Green's function G(x, t), H(x ,  t), respectively, defined by 
G(x, t) = - (b - x ) ( t  - a)/(b - a), a <~ t <<. x <~ b, 
= - (b  - t ) (x  - a ) / (b  - a ) ,  a <<. t <~ x <~ b, 
and 
H(x , t )=t -a ,  a~t<~x<~b,  
=x-a ,  a<~x<~t<~b. 
We need some estimates related to G(x, t) and H(x ,  t) which are collected 
in the following lemma. 
LEMMA 2.1. The fo l lowing hold true: 
f f  lG(x,  dt = (x - a)(b - x) /2  <~ (b - a)2/8, t)l 
f f  lG~(x,  dt = ( (x  - a) 2 + (b - x)2)/Z(b - a) <~ (b - a)/2, t)l 
f~ lH(x ,  t)[ dt = (x - a)(2b - x - a)/2 <~ (b - a)Z/2, 
fi' lHx(x ,  t ) [d t=b-  x<~b-a .  
LEMMA 2.2 
equation 
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(see [2]). Consider the second-order linear differential 
y" = a(x) y + b(x), (2.1) 
with the boundary conditions 
y'(O)-hy(O)=O, y'(1)+ky(1)=O, h,k>>.O,h+k>O, (2.2) 
where a(x), b(x)~C[[O, 1],R], and a(x)>~ao>O. Then problem (2.1), 
(2.2) has a unique solution satisfying 
sup ly(x)] <~max[b(x)]/ao, 0~<x~< 1. (2.3) 
LEMMA2.3. (see [4]). Ify(O)=y(1)=O andy(x)~Ci[O, 1], then 
I~ y2(x) dx<~ I~ (y'(x))2dx. (2.4) 
LEMMA2.4. (see [4]). Ify(O)=y(1)=O andy(x)~Cl[O, 1], then 
1If ~ 11/2 sup ly(x)l ~ [y'(x)q2dx (2.5) O~<x~<l "2 
LEMMA 2.5. If y(O) =y(1) = 0, and a(x) > -m > -re 2, then any solution 
of the linear differential equation 
y" = a(x) y + b(x) (2.6) 
satisfies 
7~ 
sup]y(x)l<~2(n2 m) SUplb(x)l, 0~<x~<l. (2.7) 
Proof On multiplying (2.6) by y(x), and integrating the result from 0 
to 1, we find 
- f ]  (y'(x))2dx= ~2 a(x) y2(x) dx + f] b(x) y(x) dx. 
Using the Cauchy-Schwarz inequality and the fact that a(x)>-m, we 
obtain 
y2/x, o. x lsup 'j2 
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From Lemma 2.3 and the above inequality we have 
(Y'(X))Zdx/ 7r2 _---'--~ sup [ b(x )L, 
Therefore, (2.8) and (2.5) imply (2.7). 
(2.8) 
LEMMA 2.6. (see [1]). I f  f (x, y, z) is continuous and has continuous first 
partials with respect o y and z on [a, b] x K, where K is an open convex set, 
then for (x, Yl, zl), (x, Y2, z2) ~ [a, b] × K, 
f (x ,  Yl, Zl ) - f (x ,  Y2, z2) =f2(x, r(x), s (x ) ) (y l -Y2)  
+f3 (x, ?(x), s(x))(z 1 --z2) , 
where 
f2(x, r(x), s(x)) =- f2(x, tyl + (1 -- t) Y2, t z1  -~- (1 - -  t) -72) dt 
and 
f3(x, ~(x), ~(x))-- f3(x, tyl + (1 -- t)y2, tzl + (1 -- t) z2) dt 
are continuous functions on [a, b] x K with s(x), £(x) between zl and z2, 
r(x), f(x) between Yl and Y2. 
3. EXISTENCE RESULTS 
THEOREM 3.1. Suppose f is bounded on [0, 1 ] x R x R. Then problem 
(1.1) together with either (1.2) or (1.3) has a solution. 
Proof. First, we consider the boundary conditions (1.2). Let u=y".  
Since y(0)=Yo and y(1)=Yl ,  one has 
1 
y(x )= yo + x(y  I -- yo) + fo G(x, t) u(t) dt. (3.1) 
Using the above transformation and (3.1), problem (1,1), (1.2) becomes 
u"=f  x, yo+x(y l -yo)+ G(x,t)  u(t)dt, u (3.2) 
with 
u(O)=Yo, u(1)=y~. (3.3) 
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From (3.2) and (3.3) we have 
u(x) =go + x(gl -~o) + [" 
JO 
/ 
G(x, t)f~t, Yo + t (y l -Yo)  
+ G(t, s) u(s) ds, u(t) dt. (3.4) 
Now, define an operator T on E= C[[O, 1], R] by 
ru(x)=Yo+X(Yl-gO)+ a(x,t) f  t, yo+t(yl -yo) 
+f2 13. , 
If u E E, the norm is defined by 
lulE= max lu(x)l. 
0~x~l  
Let M be the hound o f f  on [0 ,1 ]×RxR.  Then from (3.5) and 
Lemma 2.1, it follows that 
[(Tu)(x)l <~ ly0[ + lyl-]~o] +M/8,  (3.6) 
and 
r(Tu)'(x)[ ~< 1371 -Yo I + M/2. (3.7) 
Hence T maps the closed, bounded, and convex set 
a = {nEE:  [u(x)] ~ I.Vol ~.- lyl-~l~ol +M/8} 
into itself. Moreover, since (Tu)'(x) verifies (3.7), T is completely con- 
tinuous on C[[0, 1], R] by Ascoli's theorem. The Schauder's fixed point 
theorem then yields the fixed point of T, which is a solution of (3.2) and 
(3.3). Since u=y", then (3.1) is a solution of (1.1) and (1.2), thus com- 
pleting the proof of the theorem. The other part, i.e., for (1.3), can be 
proved analogously, using the function H(x, t) and the estimates in 
Lemma 2.1. 
THEOREM 3.2. Assume that there exist positive numbers m and r such that 
(i) supff(x,y, 0)[ <~mrfor 0-N<x-N<I, lYl <<,r/8; 
(ii) f (x, y, z) has a continuous partial derivative with respect to z on 
[0, 1 ]xRxR and 
f3(x,y,z)>>,m>O forO<~x~l,[y l~r/8,  zeR.  
Then the boundary value problem (1.1) and (1.5) has a solution. 
409/116/2-8 
420 A.R. AFTABIZADEH 
Proof Let u=y", then from y(O)=y(1)=O, we have 
fj G(x, t) u(t) dt. y(x) 
Using (3.8) we get, from (1.1) and (1.5), 
u" =f x, G(x, t) u(t) dt, u , 
and 
Let 
(3.8) 
(3.9) 
u'(O)-hu(O)=O, u'(1)+ku(1)=O. (3.10) 
nr= {ueC[O, 1]" lul <r}- 
For ueBr and 0~<x~<l, define a mapping T:C[O, 1]~C[-0, 13 by 
(Tu)(x) = v(x), where 
and 
V" -~ X 1 UI 
v'(O)-hv(O)=O, v'(1)+kv(1)=O. 
(3.11) 
(3.12) 
Equation (3.11) is equivalent to 
v"=f(x,I~G(x,t)u(t)dt, v ) 
_f(x, I~ G(x,t) u(t)dt, O)+f(x, I~ G(x,t)u(t)dt, O). (3.13) 
Using Lemma 2.6, (3.13) becomes 
v"=(I~ f~ (x, I~ G(x, t)u(t) dt, Tv) dT) v + f(x, f~ G(x' t) u(t) dt' O)" 
(3.14) 
Equation (3.14) is a form of (2.1), and since for uEB r, 
fi~ lG(x, t)l u dt <~ r/8, 
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the using Lemma 2.2, and conditions (i), (ii) we obtain 
sup I v(x)l ~<-- sup f x, a(x, t) udt, 0 .~r. 
0~<x~<l mo<x<l 
(3.15) 
Hence, T maps the closed, bounded, and convex set B r into itself, and 
clearly T is continuous. Moreover, 
v'(x)= v'(0)+ f t, G(t, s) u(s) ds, v(t) dt 
or  
I v'(x)l < Iv'(0)l + I] f ( t ,  f] G(t, s) u(s) ds, v(t)) dt. (3.16) 
From v'(O)= by(0), and using (3.15), we have 
I v'(0)l < hr. (3.17) 
Also, I f (x,y,z) l  <<.k for 0~<x~<l, lY[ ~r/8, and Izl ~<r, therefore from 
(3.16) and (3.17) we get 
I v'(x)l <<,hr+k. 
All of these considerations imply that T is completely continuous by 
Ascoli's theorem. Schauder's fixed point theorem then yields the fixed point 
of T, which is a solution of (3.9) and (3.10). But u=y" and (3.8) implies 
that (1.1), (1.5) has a solution, completing the proof of the theorem. 
COROLLARY 3.1. In Theorem 3.2, if all conditions hold true, except con- 
dition (i) which is replaced by f (x ,  y, O) bounded on [0, 1] × R, then the con- 
clusion of the theorem remains valid. 
THEOREM 3.3. Suppose there exist positive numbers r and m < 7t 2 such 
that 
(i) sup If(x, y, 0)1 ~< (2(~z z -- m)/~r) r, for 0 ~< x ~< 1, l yl ~< r/8; 
(ii) f (x, y, z) has a continuous partial derivative with respect to z on 
[0, 1] xRxR and 
f3(x,y,z)>~--m>--Tz 2, forO<~x<~l, yl<~r/8, z~R.  
Then problem (1.1), (1.4) has a solution. 
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Proof Assuming u=y", we have, from y(0)=y(1)=0,  
y(x) = G(x, t) u(t) dt. 
Problem (1.1), (1.4) is equivalent, using (3.18) and u=y', to 
u"=f(x,f~G(x,t) u(t)dt, u), 
and 
Let 
For u~B r and 
(Tu)(x) = v(x), where 
and 
(3.18) 
(3.19) 
u(O)=u(1)=O. (3.20) 
nr={u~C[O, 1]: lul~r}- 
O~<x~<l, define a mapping T:C[O, 1]--.C[O, 1] by 
v"=f(x, f~ G(x, t)u(t)dt, v), (3.21) 
v(x)=f~G(x,t)f(t,f~G(t,s)u(s)ds, v(t))dt, 
This shows that T maps the closed, bounded, and convex set Br into itself. 
Also, from (3.21) and (3.22), 
or from (i), 
sup I v(x)l <r.  (3.24) 
O~<x~<l 
v(0) = v(1) = O. (3.22) 
Equation (3.21) is equivalent, using Lemma 2.6, to 
v"= ( f~ f3 (x, f~ G(x, t) u(t) dt, Tv) dT) v + f(x, ;~ G(x, t) u(t) dt, O). 
(3.23) 
Now, using Lemma 2.5, and condition (ii), we have 
sup I v(x)l ~<,,. 2 sup f x, G(x, t) u(t) dt, 0 
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and 
v'(x)=f~Gx(x,t)f(t,f~G(t,s)u(s)ds, v(t))dt. 
For 0 ~< x ~< 1, l Yl ~< r/8, and I zr ~< r, we have If(x, y, z)l <~ k. Therefore 
I v'(x)r -<< k/2. 
All of these considerations imply that T is completely continuous by 
Ascoli's theorem, and Schauder's fixed point theorem then yields the fixed 
point of T which is a solution of (3.19) and (3.20). Thus u =y" implies that 
(3.18) is a solution of (1.1) and (1.4). The proof is complete. 
4. UNIQUENESS RESULTS 
Consider problem (1.1) with either boundary conditions (1.2), (1.3), 
(1.4), or (1.5). Let 
y"=u. (4.1) 
Problem (4.l) has the unique solution 
f2 y(x) =yo + x(yl -yo) + G(x, t) u(t) dt, 
where y(0)=yo and y(1)=yl .  From (4.1) and (4.2) 
(1.1}-(1.5), 
with 
or 
or  
or  
we 
u"=f X, yo+x(yl--yo)+ G(x,t) u(t)dt, u , 
u(0)=Yo, u(1)=yl; 
u(O)=fio, u'(1)=fi,; 
u(0)=u(1)=0;  
(4.2) 
have, using 
(4.3) 
(4.4) 
(4.5) 
(4.6) 
u'(O)-hu(O)=O, u'(1)+ku(1)=O. (4.7) 
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LEMMA 4.1. If problem (4.3), (4.4) (or (4.5), (4.6), or (4.7)) has a unique 
solution, then problem (1.1), (1.2) (or (1.3), (1.4), or (1.5)) has a unique 
solution. 
LEMMA 4.2. Consider the fourth-order linear differential equation 
y(4)= a(x) y" + b(x) y + c(x) (4.8) 
with boundary conditions 
y(0) = y(1) = y"(0) = y"(1 ) = 0, (4.9) 
where a(x), b(x), e(x) ~ C[0, 1], and a(x) >~ -a  o > -re 2, I b(x)] ~< bo < ~4. If 
b0 + aorc2 < ~4, 
then any solution y(x) of (4.8), (4.9) satisfies 
1"C 
sup [y(x)[ <<,2(rc4_aoZrZ_bo)maxlc(x)[ , O~<x~< 1. (4.10) 
Proof We use the same method given by I-4, Lemma 4] to obtain the 
estimate (4.10). Problem (4.8), (4.9) is equivalent to 
y"(x)=z(x), y(O) =y(1) =0 (4.11) 
and 
z"(x)=a(x)z(x)+b(x)y+c(x), z(0) = z(1) = 0. (4.12) 
On multiplying (4,11) by y(x) and integrating from 0 to 1, we find 
-f2 (y'(x))2dx= f2 yz dx. 
Now, using the Cauchy-Schwartz inequality we obtain from the preceding 
equation 
f~ (y'(x))2dx <~ [f~ y2(x) dxl~/2. [f~ z2(x) dxl 1/2. (4.13) 
Using Lemma 2.3, we derive from (4.13) 
[f~(y'(x))2dx] 1/2 ~<--l[-r ~ ql/2 ~2LJ ° (z'(x))2dxJ . (4.14) 
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In a similar manner, from (4.12), we have 
, ,  
~ 4_ao~4_bomaxlc(x)l, 0~<x~<l. (4.15) 
Inequalities (4.14), (4.15) and Lemma 2.4 imply the estimate (4.10). Having 
Lemma 4.2 at our disposal, it is easy to prove the following. 
THEOREM 4.1. Suppose there exist positive numbers m and r such that 
m < zc 2 and r < 7~ 4, and 
(i) sup [f(x, y, 0)[ ~< (2(~ 2 -  m)/zQ r, for 0 ~< x 4 1, [y[ ~< r/8; 
(ii) f(x, y, z) has a continuous partial derivative with respect o z on 
[0, 1] xR×R and 
f3(x ,y ,z )>J -m on[O, 1 ]xRxR;  
(iii) f(x, y, z) has a continuous partial derivative with respect o y on 
[0, 1] xR×R and 
[f2(x,y,z)]4r on[O, 1 ]xRxR.  
Then problem (1.1), (1.4) has a unique solution. 
Proof. Existence of a solution of (1.1), (1.4) follows from Theorem 3.3. 
Now, suppose that (1.1), (1.4) has two solutions yl(x) and y2(x). Let 
u(x) = Yl (x) - Y2 (x), then 
u(4/(x) =f(x, Yl, Y"I) - f (x ,  Y2, Y"2)- 
From Lemma 2.6, we have 
U(4)(X) = f3(x, TyI+(1--T)y2,  Tyi '+(1-T)y'~)dT u" 
+ ( f j  fz(x, Ty, + ( e - T) y2, Ty'; + (1 -  T) y~) dT) u. 
Since u(0) = u(1 ) = u"(O) = u"(1 ) = 0, we have, by Lemma 4.2, 
sup [ u(x)[ ~< 0, 0~x~l .  
This implies that u(x)= 0, or Y l (x)= Y2 (x). Hence problem (1.1), (1.4) has 
a unique solution. 
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